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Abstract
In this paper we present a numerical approximation of curves and surfaces from a given scattered data set. An approx-
imating curve or surface problem is obtained by minimizing a quadratic functional in a parametric nite element space,
its solution is called a discrete smoothing variational spline. The existence and uniqueness of this problem are shown,
as long as the convergence of the method is established. Finally some particular examples are given. c© 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
In Earth Sciences, specially in Geology, the reconstruction of a curve or surface from some
scattered data set is a commonly encountered problem. The theory of Dm-splines over an open
bounded set has been introduced by Atteia [3], and by following the same idea on the abstracts
spline functions, Duchon [7] has chosen to minimize a quadratic functional with approximating at
rst the exion energy of a thin plate over all the space rather than a bounded domain, which
simplify both characterization and calculation of the solution.
In this work, under a generic schema, we enrich the theory of the variational spline functions
by minimizing some quadratic functional in a nite element space (hence nite dimension space)
which not only can be a fairness functional [8,10] or the exion energy of a thin plate [7], but
also a functional associated to tangent conditions [12] or various of those at once. In order to show
the validity and the eectiveness of this general method, we present two new particular examples
by minimizing a quadratic functional with parallelism conditions for the oil exploration, and by
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minimizing a fairness functional with tangent conditions which can be applied to important problems
of Geology and CAGD.
It is known that, in the two-dimensional case, the Dm-spline functions over an open bounded
domain cannot be stated explicitly [1,2]. We have the same situation for the smoothing variational
spline functions [9]. Therefore, it is generally observed that, in order to describe a numerical method
for the resolution of the approximation problem of parametric curves and surfaces, we will need to
make one discretization of the study. This discretization will be made by a nite element method.
First of all, it is essential to consider a nite dimension space of functions, where the minimization
problem can be solved, and then the smoothing variational problem will be formulated. The discrete
nite dimension space of functions that we propose, in this case, is a parametric nite element space,
which is constructed from one tessellation of the bounded domain. Then, we describe a method to
nd some approximating curves and surfaces. Finally the convergence of the problem is shown.
The remainder of this paper is organized as follows. In Section 2, we briey recall some prelim-
inary notations and results. Section 3 is devoted to state the discrete approximation problem and to
present a method to solve it. In Section 4, the theorem of the convergence is shown. In the last
section, we have analyzed two particular examples.
2. Notations and preliminaries
Let p; n; m 2 N and N;  2 N. We denote by hiRn and h; iRn , respectively, the Euclidean norm





Likewise, for any non-empty open set 
 in Rp, we denote by Hm(
;Rn) the usual Sobolev space
of (classes of) functions u belong to L2(
;Rn), together with all their partial derivative @u; in the
distribution sense, of order jj6m, where = (1; : : : ; p) 2 Np and jj= 1 +   + p. This space




































h@u(x); @v(x)iRn dx; 06‘6m:
When 
 is a bounded, open subset of Rp with Lipschitz-continuous boundary (in the [11] sense),
it follows from the Sobolev’s imbedding theorem that
Hm(
;Rn) is a subset of C( 
;Rn) with continuous injection; (2)
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where C( 
;Rn) stands for the space of functions with values in Rn which are bounded and uni-
formly continuous on 
, together with all their partial derivatives of order 6.
Finally, we denote by Pm and RN;n, respectively, the space of all polynomials of degree 6m and





and the corresponding norm
hAiN;n = (hA; AiN;n)1=2:
3. Discrete smoothing variational spline
Let  Rn be either a curve or surface dened by a parametrization f belonging to Hm(
;Rn),
where 
 is a bounded, open subset of Rp, p = 1; 2, with Lipschitz-continuous boundary. Suppose
are given:
 a subset D of R+ which 0 is an accumulation point;
 for all d2D, an ordered subset Ad of distinct points of 
;
 for all d2D, an ordered nite set d of linear applications of type
: v 7! @v(a); jj6;
with a2Ad such that each point of Ad is associated at least to an element of d;
 for all d2D, an ordered nite set d of continuous inner semi-products dened on Hm(
;Rn).
Now, let be N1 = cardd and N2 = cardd. We consider the following continuous linear operator
Ld: C( 
;Rn)! RN1 ; n dened by Ldv= ((v))2d , and the following application d: Hm(
;Rn)
Hm(
;Rn)! RN2 dened by d(u; v) = (	(u; v))	2d . We assume that the family Ld veries
ker Ld \ Pm−1(
;Rn) = f0g: (3)






hx − aiRp = d; (4)
where AdL is a subset of A
d such that each point a 2 AdL is associated at least to one degree of freedom
of the Lagrangian type, i.e., there exists  2 d such that (v) = v(a), for all v 2 Hm(
;Rn).
Moreover, we suppose as given:
 a subset H of R+ where 0 is an accumulation point;
 for all h2H, a tessellation Th of 
 made with closed intervals of length 6h, when p = 1, or
rectangles or triangles of diameter 6h, when p= 2;
 for any h2H, a nite element space Xh constructed on Th such that
Xh is a space of nite dimension I = I(h) of Hm(
) \ Ck( 
); k>; (5)
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 for all h2H, we then dene Vh = (Xh)n, which is a parametric nite element space constructed
from Xh.
From (5), Vh satises the following inclusion:
VhHm(
;Rn) \ Ck( 
;Rn): (6)
Now, for any d 2 D; h 2H; > 0 and  2 RN2 , let J d be the functional dened on Vh by
J d(v) = hLdv− Ldfi2N1 ; n + h; d(v; v)iRN2 + jvj2m;
;Rn :
Remark 3.1. The rst term of J d(v) indicates how well v approaches f in a least discrete squares
sense. The second term can represent some dierent conditions, for example, tangent conditions [12],
fairness conditions [8,10], parallelism conditions [6], etc., and  weighs the importance given to each
condition. While, the third term represents a classical smoothness measure.
Then, for any (d; h) 2 D H, we consider the following minimization problem: nd dh such
that
dh 2 Vh;
8v 2 Vh; J d(dh )6J d(v):
(7)
Theorem 3.1. Problem (7) has a unique solution; called a discrete smoothing variational spline in
Vh relative to Ad; Ld; d; Ldf;  and ; which is also the unique solution of the following variational
problem: nd dh such that
dh 2 Vh;
8v 2 Vh; hLddh ; LdviN1 ; n + h; d(dh ; v)iRN2 + (dh ; v)m;
;Rn = hLdf; LdviN1 ; n:
Proof. Taking into account (2), (6) and that the following norm:
v 7! [[v]] = (hLdvi2N1 ; n + h; d(v; v)iRN2 + jvj2m;
;Rn)1=2
is equivalent in Vh to the norm kkm;
;Rn , one easily checks that the symmetric bilinear ~a :VhVh ! R,
given by
~a(u; v) = hLdu; LdviN1 ; n + h; d(u; v)iRN2 + (u; v)m;
;Rn
is a continuous and Vh-elliptic. Likewise, the linear form
’ : v 2 Vh 7! ’(v) = hLdf; LdviN1 ; n
is continuous. The result is then a consequence of the Lax{Milgram Lemma [4].
Remark 3.2. Of course, if  = 0 and Lv = (v(a))a2Ad , then we deal with a discrete smoothing Dm-
spline in Vh relative to Ad; (f(a))a2Ad and  [1].
Now well, we are going to show how to obtain in practice any discrete smoothing variational
spline, but we assume that we know the parameter values associated to given data points. Therefore,
the dh ( 
) set, for d 2 D and selected values of  and , provides a solution for our problem.
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For any h2H, let I and fw1; : : : ; wIg be, respectively, the dimension and a basis of Xh. Let
fe1; : : : ; eng be the canonical basis of Rn. Then, the family fv1; : : : ; vZg is a basis of Vh, with Z = nI
and
8i = 1; : : : ; I; 8‘ = 1; : : : ; n; j = n(i − 1) + ‘; vj = wie‘:




i=1 ivi, with i 2 R; for i = 1; : : : ; Z . Applying Theorem 3.1,
we obtain the linear system of order Z , as follows:
C = b; (8)
where
C = (cij)16i; j6Z ;
 = (i)16i6Z ;
b= (b1; : : : ; bZ)T
with for i; j = 1; : : : ; Z , we have
cij = hLdvi; LdvjiN1 ; n + h; d(vi; vj)iRN2 + (vi; vj)m;
;Rn ;
bj = hLdf; LdvjiN1 ; n:
Finally, we point out that the matrix C is symmetric, positive denite.
4. Convergence
Under adequate conditions, we are going to show that the discrete smoothing variational spline in
Vh relative to Ad; Ld; d; Ldf;  and  converges to f, when (d; h)! (0; 0). Before this, we suppose
that the families (Ad)d2D and (Th)h2H are connected by the following relation:




Remark 4.3. Hypothesis (9) traduces an asymptotic property of regularity for the distribution of
the points Ad by following the elements K of Th. Moreover, we can show that (9) means that the
points of Ad are distributed on the dierent elements of K in subsets, where the cardinal of each
one is an O(Nh(d)) when (d; h)! (0; 0), where Nh(d) designates the mean number of points of Ad
on each element K of Th.
Likewise, we suppose that the family (Th)h2H veries the following opposite hypothesis [4]:
9> 0; 8h 2H; 8K 2Th; hhK6; (10)
where hK is the diameter of K , and m0 2 N such that
m0>m: (11)
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Moreover, let m = minfm;m0 − 1g, we suppose that the family (Xh)h2H and m0 are such that [5]
for all h 2H, there exists a linear operator h :L2(
)! Xh; verifying the following relations:






















Remark 4.4. The result (12) of Clement supposes that the family (Th)h2H is regular [4] and that
the nite element (K; PK ; K) of the family (Xh)h2H veries the condition Pm0(K)PK Hm0(K).
Before announcing the theorem of the convergence, we need the following lemma.
Lemma 4.1. Suppose that Hypothesis (9){(12) hold. Then; there exists C> 0 and h0> 0 such
that
8v 2 Hm0(
;Rn); 8d 2 D; 8h 2H; h6h0;






Proof. It is analogous to the proof of Lemma 6:1 of Arcangeli et al. [2].
Now well, let f be a function of Hm
0
(
;Rn) and dh be the discrete smoothing variational spline
in Vh relative to Ad; Ld; d; Ldf;  and .
Theorem 4.2. Suppose that Hypothesis (1); (3); (4); (9){(12) hold; and that
= o(d−p); d! 0; (13)









kf − dh km;
;Rn = 0:
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Proof. First of all, for all d 2 D, by denition of dh , we have J d(dh )6J d(hf), where h is
the operator dened in (12). Moreover, taking into account (5), (6) and (11), it follows from (12)
(exactly from (i) and (ii) when m0>m and (iii) when m0 = m), that
jhfj2m;
;Rn = jfj2m;
;Rn + o(1); h! 0: (16)
As well, from Lemma 4.1, for d small enough, we obtain






Then, it can be deduced from (13){(17), that the family (dh )d2D
h2H
veries the following relations:
jdh j2m;
;Rn = jfj2m;
;Rn + o(1); d! 0 (18)
and
hLd(dh − f)i2N1 ; n = o(); d! 0: (19)
Therefore, by using (18), (19) and following the same way on the points (3), (4) and (5) in the
proof of Theorem 6:3 of Arcangeli et al. [2], the result can be conrmed.
5. Particular examples
We suppose as given the subsets D;H and Vh as introduced in Section 3 and f belonging to
Hm(
;Rn).
5.1. Discrete variational spline with parallelism conditions
The problem of constructing surface from some scattered data appears frequently in the realization
of the geological treatment and analysis in oil exploration. The aim of this problem is nding a
parametric curve or surface, from some position or orientation data. For the surface case, which
for example can represent the roof of a geological bag, the authors in [6] have been interested in a
variation of this problem which is encountered in structural geology, for the construction of a surface
parallel to a given reference surface, in certain sense, from some position and orientation data.
5.1.1. Formulation of the problem
For all d 2 D, let Ad be a subset of N1 distinct points of 
. For each a 2 Ad, we associate a
vector a of Rn with =(a)a2Ad 2 RN1 ; n. Let Ld be the operator dened by Ldv=(v(a))a2Ad 2 RN1 ; n.
Likewise, we consider a function ’ of Hm(
;Rn) satisfying dim(ImD’(x))=p; 8x 2 
. From this
condition, the following function can be dened # : 
! Rn, with # 2 C0( 
;Rn) such that to each
x2
, is associated the unit normal vector #(x) to the curve or surface 0 =’( 
) at the point ’(x),
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h@u(x); #(x)iRnh@v(x); #(x)iRn dx:
Now, we consider the following problem: nd a curve or surface parametrized by a function 
of Vh that ts the points faga2Ad and is relatively parallel to the curve or surface parametrized by
the original function ’ in the following sense: for each x 2 
, the tangent space at  in x has to
be close to the tangent space at ’ in x.
5.1.2. Construction of either a curve or surface




Ldv− 2N1 ; n + 0(v; v) + jvj2m;
;Rn :
Remark 5.5. The term 0(v; v) represents a measure of the parallelism of v with respect to a curve
or surface parametrized by ’, i.e., a measure of the mean proximity between the tangent lines or
planes to the curves or surfaces v and ’, respectively. Here,  represents the accordance parameter
to the original curve or surface parametrized by ’.
Consequently, as 0 is a continuous inner semi-product, obviously, the minimum of the functional
J d in Vh, which is the discrete smoothing variational spline in Vh relative to A
d; Ld; d = 0; ;  and
, given in Theorem 3.1, is the solution of the construction problem above dened.
Remark 5.6. In the explicit case, i.e., for n = 1 and ’ = 0, we deal with the classical formulation
of spline under tension, which can be interpreted as a parallelism condition with respect to the
horizontal plane.
5.2. Discrete fairness spline with tangent conditions
This problem is a contribution to the parametric approximating curves and surfaces by fairness
splines functions with tangent conditions, from the Lagrangian data and under fairness criteria and
vectorial tangent subspaces. The aims of this work are:
 to introduce the fair and tangent constraints in order to incorporate them to the approximation
data set;
 to develop some eective methods for the parametric approximating curves and surfaces from the
Lagrangian data and under the fair and tangent conditions;
 to observe numerically and graphically the inuence of both constraints in the approximating
curves and surfaces;
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5.2.1. Formulation of the problem and denition
For all d 2 D, let Ad1 and Ad2 be two nite subsets of 
, respectively, with N1 and N2 points. For
each a 2 Ad2 , we associate a linear subspace Sa generated by f@f(a)=@xj j 16j6pg. Now, let given
Ldv = (v(a))a2Ad1 2 RN1 ; n and jv = (PS?a (@v(a)=@xj))a2Ad2 2 RN2 ; n, for j = 1; : : : ; p, where PS?a is the
orthogonal projection of the orthogonal subspace Sa in Rn. Moreover, for all  = (1; : : : ; m) 2 Rm,
with i>0 for i= 1; : : : ; m− 1 and m> 0, for all  2 R+, let J d be the functional dened in Vh by
J d(v) = hLdv− Ldfi2N1 ; n + 
pX
j=1





Likewise, for all d 2 D, let d = (1; : : : ; p; p+1; : : : ; p+m−1) be a function dened in Vh by
j(u; v) =
 hju;jviN2 ; n if 16j6p;
(u; v)j−p;
;Rn if p<j6p+ m− 1:
It is clear that d is a family of some inner semi-products in Vh. Hence, the following mini-
mization problem: nd dh 2Vh such that J d(dh )6J d(v); for all v2Vh, has a unique solution,
which will be called a discrete smoothing fairness spline with tangent conditions in Vh relative to
Ad1 ; (Sa)a2Ad2 ; 
d; Ldf;  and .
Obviously, dh turns out to be the discrete smoothing variational spline in Vh relative to A
d =
Ad1 [ Ad2 ; Ld; d; Ldf, = (; : : : ; ; 1; : : : ; m−1) 2 Rp+m−1 and = m, given in Theorem 3.1.
5.2.2. Numerical and graphical examples
In order to test the discrete smoothing method, we have considered a surface S parametrized by
the function f: 
! R3, with 
 = [− 2; 2] [− 2; 2] and
f(x; y) = fx; y; x3 − 3xy2g:
This surface is represented in Fig. 1.
Hence, we have computed a discrete smoothing fairness spline with tangent conditions from a set
of 900 scattered points of 
 and 400 scattered tangent data. The parametric nite element space Vh
has been constructed by a tessellation of 
 into 77 equal rectangles from the Bogner{Fox{Schmit
nite element of class C2. So, the dimension of Vh is Z=1323 which is the order of the linear system
(8). Likewise, by evaluating 10 000 random points in 
, for every d2D; h2H, for all 2R+ and
2R3, we have computed the following estimations of the relative error Er=kf−dh k0;
;R3=kfk0;
;R3
and of the tangential error ET=(1=10 000)
P10 000
i=1 arcosh(ai); (ai)i, where (ai) stands for the unit
normal vector to the surface dh ( 
) at the point 
dh
 (ai) and (ai) is the unit normal vector to S
at the point f(ai). We remark that ET indicates whether the tangent planes to dh ( 
) are, in mean,
parallel to those of S. Moreover, we have computed the measure of area of the approximating
surface parametrized by dh , the measure of its Gaussian and total curvature, which are denoted,
respectively, by A; K; CT, where CT is the sum of the squares of the principal curvatures.
Graphically, in Figs. 1 and 2, for =(10−9; 10−9; 10−9); =10−7, the original and the approximating
surfaces are similar. The degree of approximation has been measured by Er =8:59271010−6, while
ET = 3:672418 10−5. Likewise, we have obtained A= 136:527915; K =−3:716874 10−1; CT =
1:494605.
In each of the following tables, for 3=10−5 xed, we have computed dierent results intending to
keep the same degree of approximation Er. While we have varied a dierent weights associated with
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Fig. 1. Surface S.
Fig. 2. An approximating surface to S parametrized by a discrete smoothing fairness spline with tangent conditions of
class C2.
each condition. Specially, we have analyzed the eects of the parameter  on the tangential error
(see Table 1), the parameter 1 on the measure of the surface area (see Table 2), related with the
semi-norm j : j1;
;R3 , and nally the parameter 2 on the measure of the total curvature (see Table 3),
related with the semi-norm j : j2;
;R3 . As we have minimized our functional related to the semi-norms
of orders 1 and 2, respectively, then both of function A(1) and CT(2) have to be decreasing.
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Table 1
We have computed ve approximating surfaces for xed values of 1 = 10−2 and 2 = 10−3. It
seems that the use of the tangent conditions, by selecting a convenient positive value of , gives,
in most cases, better results that the simple Lagrangian approximation under fairness criteria (i.e.
= 0)
 ET Er
0 1:150939 10−2 8:840431 10−3
10−3 1:109463 10−2 8:836902 10−3
10−2 9:093289 10−3 8:827361 10−3
10−1 6:719297 10−3 8:821112 10−3
1 5:884689 10−3 8:818601 10−3
Table 2
We have computed ve approximating surfaces for xed values of =10−3 and 2 = 10−2. The
measure of the surface area strongly decreases while the parameter 1 is increasing, it means
that the function A(1) is decreasing
1 A Er
3 10−1 127:401801 2:286111 10−2
4 10−1 125:095706 2:872885 10−2
5 10−1 122:924603 3:441836 10−2
6 10−1 120:874350 3:993698 10−2
9 10−1 115:335336 5:557985 10−2
Table 3
We have computed ve approximating surfaces for xed values of  = 10−3 and 1 = 10−3.
This table reveals, improvements in the exactness of measure of the total curvature are achieved
increasing 2. Hence, also the function CT(2) is decreasing
2 CT Er
5 10−1 1:738823 3:220281 10−1
9 10−1 1:700120 4:363706 10−1
1 1:676187 4:577866 10−1
1:25 0:848529 6:382980 10−1
1:5 0:654758 6:673915 10−1
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